We compute the curvature of smooth curves in the Poincaré model of H" (hyperbolic space of constant curvature -a 2 ), and apply it to arcs of Euclidean circles in H". Osculating circles are used to prove that any curve in H™ has the curvature greater than a at some point provided that the curve is closed.
In this paper we estimate the curvature of a closed curve in the hyperbolic space of constant curvature -a 2 denoted by H". Such a curve has greater than a curvature at some point (Proposition 4). This fact which differs hyperbolic space from Euclidean one is known, but we provide very elementary proof of it. To this end we compute the curvature of arbitrary arcs of circles (Corollary 3 and Proposition 2) and apply the result to osculating circles. This research is motivated by results of [LS] where authors find curvature conditions for a curve on Hadamard manifold to have a limit point on the ideal boundary. In the paper [C] we apply results of this paper to get stronger than Proposition 4 conditions for a curve in H™ to have large curvature.
The results presented here constitute a part of the author's Thesis prepared at the University of Lodz.
We will denote by H" the Poicaré model of an n-dimesional hyperbolic space of constant curvature -a 2 , where n > 2 is an integer and a > 0. H" arises from the open n-dimensional Euclidean ball D" with center 0 and radius £ (called fundamental bait) by conformai change of Riemannian metric. In £)" we consider standard Euclidean metric (•,•), induced by it norm | • | and the Levi-Civita covariant derivative V. Let x\,... ,x n denote coordinates of the identity map and Xi,..., X n its base vector fields. Riemannian metric g on H" is defined by g = <p • (•, •), where
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In the sequel, ||. || denotes the norm and V the covariant derivative both coming from g. V is related to V by the well-known formula (cf. [GKM] ) Proof. By definition, First, we express k(7) in terms of V7'7':
(l-a 2 |7| 2 ) 2 4|7T (1 -a 2 |7| 2 )(-2a 2 <7,7')IV| 2 + (1 _ a2hl2){l,n"}) f H 77-771 7 4|Y| Prom (1) we obtain V^ (x) = 4 a 2 1 -a 2 lx| 2 YsXjXjjx), i=l and we are able to apply (2) to the tangent field of 7 V7,y = 7" + (V o7)V -i|7'| 2 W) 07 = 7" + -Therefore ^ (l-a 2 |7| 2 )|7'lV (fc(7)) 2 = 4|T 718 + (2a 2 (7,7')l7'| 2 + (1 -a 2 |7| 2 )(7',7"))7' -2a 2 |7'| 4 7 and (3) follows from the above by an easy computation.
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The formula (3) is rather hard to use, but if we consider Euclidean circles it is not so long. Since some arc of an osculating circle of the curve (in Euclidean sense) is contained in the hyperbolic space H™ and 2-jets of the curve and its osculating circle are equal, the osculating circles are useful tool for curvature computation in H". Proof. Suppose that P is parallel to two orthogonal vectors v and w both of the Euclidean norm r. Thus 7 can be parametrized as follows 7(i) = Xo + cos t • v + sin t • w on the maximal interval in which 7(t) E Evaluating derivatives of 7 and substituting them into (4) we obtain
A straightforward computation leads us to the expression (fc ( 7 ) We are now in a position to show how formulae (4) and (6) work. A maximal segment i.e. the intersection of H" with a straight line, which Euclidean distance from 0 is equal to b > 0 has the curvature a 2 b. This contains a geodesic passing through 0. Any other geodesic is the intersection of H" with a circle orthogonal to the fundamental sphere (the boundary of the fundamental ball). In this case, |xo| 2 = +r 2 and the curvature is zero, of course. For a horocycle we have |xo| + r = This implies that every horocycle has the constant curvature a. A small modification of a horocycle provides us an a-cycle defined as the horocycle translated in the radial direction to make an angle a with the fundamental sphere. Then |xo| 2 = p-+ r 2 -^ cos a and that the curvature of the a-cycle is equal to a cos a.
In the next proposition we show that horocycles and a-cycles are comparison curves for many circle's arcs in H™. In analogy to the cc-cycle we call a-sphere this part of the sphere making angle a with fundamental sphere, which the is contained in H™. Note that the horosphere is a 0-sphere. PROPOSITION 
(i) Every Euclidean circle c contained in H™ has the curvature greater than a.
(ii) If an arc of Euclidean circle c lies on some a-sphere with 0 < a < j then its curvature is at least a cos a.
Proof. Statement (i) for circles coplanar with the origin of H" is a direct consequence of (6). Now assume that (ii) holds. Fixing XQ € H™ and P in (5) we can observe that k (7) is a decreasing function of r. Thus we can bound from the below the curvature of a circle with a radius greater than the given one. If XQ = XQ then the circle ci of a slightly greater radius lies on a horosphere tangent to the fundamental sphere at the point Hence (ii) implies k(c) > fc(ci) > a. When 0 ^ XQ ^ we increase the radius of c to reach a point z on the fundamental sphere. Then the new circle lies on the horosphere tangent at z to the fundamental sphere and the argument is as above. Now it suffices to prove (ii). Let xo be the center, r -the Euclidean radius and P -the plane containing the circle c. Denote by y and R respectively, the center and the Euclidean radius of an a-sphere S containing c.
The points 0, XQ and y generate the plane Q intersecting c in two antipodal points x\ and X2-Let u be a non-zero vector in Q orthogonal to x\ -xo (if xo y it suffices to take u = XQ -y). From (5) we obtain (7) (He)) 2 > ¿(1 + aV -a 2 |* 0 | 2 ) 2 + because u is orthogonal to P, too. We introduce a coordinate system on Q with origin 0 and such that y lies in the negative half-line of the coordinate axis. Denoting |y| by d we have d 2 = ^ + R 2 -^ cos a and
If the points 0, xq, y are colinear, X\ and X2 become antipodal points of a circle S D Q (i.e. s -n + t) and we may choose u = (sini, cos t). Then the conclusion of (ii) is obvious. Otherwise (7) implies that (8) we complete the proof of (ii).
•
We now turn to the estimation of the curvature for general curves. A curve C is called internally tangent to the sphere S at a point x if x 6 C fl S and some neighbourhood of x in C is contained in the closed ball bounded by S. Note that any sphere contained in D" can be considered at as a sphere in the hyperbolic sense. In fact, it can be obtained as an isometric image (by an inversion) of a sphere centered at the origin, of the Euclidean radius R, which is the hyperbolic sphere of radius 2 ath aR. More details can be found in [BP] .
PROPOSITION 3. If the curve C on H" is internally tangent to some sphere (a-sphere, accordingly) at the point x then the curvature of C at x is greater than a (at least a cos a).
kJc))
> Proof. We refer to Proposition 2. In the case of a true sphere the osculating circle of C in x is contained in the ball bounded by the sphere. Thus the circle is contained in H" and assertion follows from the part (i) of Proposition 2. If C is internally tangent to some a-sphere S then its osculating circle lies on some sphere S internally tangent to S. S is either a true sphere or an ai-sphere with ai < a. Hence by (i) and (ii) the curvature of the osculating circle is at least a cos a. According to Corollary 1 this completes the proof.
The last propositon contains the main result of the paper. Note that all the above consideration is valid only for the Poincaré model, but the proposition below, even in its formulation is independent of models. PROPOSITION 4. If 7 is a smooth regular closed curve on the hyperbolic space of constant curvature -a 2 , then there exists a point of 7 at which 7 has the curvature greater than a. m
In [C] there are some generalizations of Propositions 3 and 4. For instance we show that the sufficient condition for a curve on H" to have large curvature is to reach a local maximum of distance from some point or tinning back to a-ball. In that paper we prove also that if the curvature of a curve is bounded from the above by a -e then the curve has a limit point on the ideal boundary of H".
